A b s t r a c t . The initial boundary value problem is considered for the Euler equations for an incompressible fluid in a bounded domain D ⊂ R n . It is known [Y1] that uniqueness holds for those flows with bounded vorticity. We present here a uniqueness theorem in some classes (B-spaces) of incompressible flows with vorticity which is unbounded but belongs to any L p (D). The regularity of the flow is characterized by restrictions on the growth rate of the L p -norms as p → ∞. Roughly speaking, logarithmic singularities are forbidden but iterated logarithm singularities are permissible. It is notable that the uniqueness conditions for the Euler equations and for the motions of fluid particles are the same. The result is obtained by the energy method and a counterexample is constructed to demonstrate that it is impossible to weaken the restrictions still using the energy method.
Introduction
The basic initial boundary value problem for the Euler equations for the case of an incompressible ideal fluid is considered. The first theorems on existence and uniqueness were obtained by N. Gunter and L. Lichtenstein in two extensive series of articles [Gu, L] . They investigated the classical solutions (velocity is C 1,λ -smooth, 0 < λ < 1) and the results were local in time. The global solvability for the 2-dimensional problem was proved by W. Wolibner [W] for the classical solutions; T. Kato [K] presented this result in modern form and included external forces.
The generalized solutions in the 2-dimensional case were introduced in [Y1] and the global existence theorem was proved for flows with vorticity in L p for any given p > 1. However, the uniqueness theorem was obtained only for the class of flows with essentially bounded vorticity. This is the strongest known result on uniqueness whereas the results on existence were extended by A. Morgulis [M] (vorticity in Orlič spaces between L 1 and any L p , p > 1) and J.-M. Delort [D1, D2] . It is interesting to mention also 28 V. I. YUDOVICH the result due to J.-Y. Chemin [Ch] on the smoothness of the boundary of the vortex patch for all time; there is another proof of this result in the paper by A. Bertozzi and P. Constantin [BC] . See also the more detailed references in the excellent review by P. Gérard [Gé] .
In the present paper the uniqueness theorem is extended to some classes of flows with unbounded vorticity. These classes are characterized by a restriction on the growth rate of the L p -norm of vorticity; it must be sufficiently slow-not too much stronger than linear.
Two notable features of the present result should be mentioned. The first one is nonreliance of the uniqueness conditions of the dimension; only for definiteness do we treat the 3-dimensional case. Of course, according to [Y2] , in the 2-dimensional case one can obtain the existence result for the classes considered here. But the n-dimensional case for n 3 is unexpectedly difficult and remains uninvestigated for any class of flows with unbounded vorticity.
The second feature is the remarkable coincidence of uniqueness conditions for two seemingly quite different problems: for the Euler equations (uniqueness of velocity field) and for the ODE system for the translation of the fluid particles (uniqueness of the particle path).
Generalized ideal flows
The movement of an ideal incompressible fluid in a bounded domain D ⊂ R n with impermeable boundary ∂D is governed by the Euler equations
is the velocity field, P denotes pressure, F = F (x, t) is a given field of external mass forces, and n is the unit normal vector to ∂D. The field v 0 is the initial velocity field, which must be solenoidal, i.e., div v 0 = 0, and tangent to the boundary, i.e., v 0 · n| ∂D = 0. The summation sign over i in (1.2) and k in (1.1), i, k = 1, . . . , n is omitted by the usual rule.
The movement of a fluid particle, placed at a point a ∈ D at t = 0, is defined as the solution of the Cauchy problem 
iii) For any smooth and solenoidal vector field Φ(x, t) which satisfies the conditions i) and ii), the following integral identity holds:
Energy method
Let v, v be the generalized solutions of the problem (1.1)-(1.4) and their difference v − v = u. Taking the difference of the corresponding equations (1.6) and putting Φ = u, one obtains the relation
Here ε ik is the i, k-component of the tensor of rate of deformation,
The only known way to prove uniqueness is to use this equation. We call this procedure the energy method. Let us introduce the notation 
, and so u = 0. The more accurate estimates in [Y1] permitted us to obtain uniqueness in the class of velocity fields with essentially bounded vorticity (in the 2-dimensional case, but this restriction of dimension is not of importance). This is the strongest result on uniqueness known until now. We will further expand the uniqueness theorem to some classes of velocity fields with unbounded vorticities.
Some integral inequalities
It is sufficient in this section to assume that D ⊂ R m is any measurable set. Let f , g be real functions on D, and
for some known p 0 1 and assume that the following estimates are fulfilled:
with some known positive constants L, M > 0 and nonnegative constant K 0. The given function φ(p) is strictly positive on [p 0 , ∞) and the function ψ = T φ on the positive ray R + = {a : a 0} is defined by the equalities
ψ(a) = inf{φ(1/ε) : 0 < ε 1/p 0 }, for a < 1.
Lemma 3.1. The following inequality holds:
An application of the Hölder inequality with exponents 1/(1 − ε), 1/ε gives the inequality
from which (3.3) follows immediately.
Let us say that two positive functions on [p 0 , ∞) are equivalent at infinity and write φ 1 ∼ φ 2 if φ 1 (p)/φ 2 (p) → 1 as p → +∞. We will call the corresponding equivalency class the germ at infinity. Proof. By the equivalency condition for any δ > 0, there exists q = q(δ) such that for any p > q,
But for sufficiently large a and i = 1, 2,
To prove this, it is sufficient to note that
where the constant B is defined by
Since the right-hand side of (3.5) is not more than a 1/2q φ i (2q), the equality (3.5) holds at least for a > max [φ i (2q)/B] 2q , i = 1, 2. For such a one deduces from (3.4) and (3.5) that
Thus ψ 1 (a)/ψ 2 (a) → 1 when a → +∞.
Of course, the first line only is of real interest. According to Lemma 3.1 we have the inequality
We will now generalize this example. Let us put for any natural m 
Proof. Let us denote T φ m−1 = ψ m and ε * = 1/ ln a. For large a (a exp p 0 ),
Inequality (3.9) follows from Lemma 3.1 and inequality (3.10).
Under the conditions of Lemma 3.3, it is easy to prove that ψ m ∼ eθ m . It is sufficient to note that the minimizing value of ε for the function a ε φ m−1 (1/ε) is equivalent asymptotically to just ε * = 1/ ln a.
The following examples help us to understand the nature of the requirement imposed on the function by the condition (3.3).
Example 3.2. Set B 1 = {x : x ∈ R n , |x| 1}, the unit ball in R n . Let the function g 1 on B 1 be defined by g 1 (x) = ln r, r = |x|. Then one has
Here σ n is the surface of the unit sphere ∂B 1 . By Stirling's formula one obtains
Example 3.3. Let g 2 (x) = ln ln(e/r) for x ∈ B 1 . Then
One can find the asymptotics of this integral by Laplace's method. As a result one has
Estimate of velocity by vorticity
In this section we will consider the classical boundary value problem of vector analysis
The unknown vector field v is defined on the bounded domain D ⊂ R 3 with C 2 -smooth boundary ∂D. According to (4.3) v is tangent to ∂D. Here ω is a given vector field. The closed curves γ 1 , γ 2 , . . . , γ l form the basis of one-dimensional singular homologies of the domain D. The known vector field ω must be solenoidal at least in the sense of distributions; this is a necessary condition for solvability. The existence of a solution and the estimates in Hölder and L p -norms were the objects of much work (see [F, BS, S] ).
Lemma 4.1. For any p > 1, the following estimate holds:
with the constant C depending only on D, and not on p. 
The constant C depends only on D, and not on λ.
The estimates (4.5)-(4.6) give the exact order of the growth for p → 1 or p → ∞, and λ → 0, 1 respectively. To prove the estimate (4.5) for simple domains such as the whole space R 3 , the half-space or the ball, it is sufficient to apply the classical result of Calderon-Zygmund [CZ] . As for the general case the proof is based on a rather awkward technique, developed in [Y1, Y2] . It is convenient to deduce the inequality (4.6) together with (4.5), applying the standard methods of potential theory.
The estimates (4.5), (4.6) are valid also in the general case of n-dimensional compact manifolds with boundary, p = n/(1 − λ) and the exponent (λ + n − 1)/n instead of (λ + 2)/3 in (4.6).
Uniqueness
For any positive germ θ on the ray R + , the class R θ of vector fields on D is defined by the requirement that for sufficiently large p (p p 0 , with dependence on p 0 of the field permitted) the estimate
holds with K not depending on p. Let us denote by K θ (v) the seminorm
The function θ is called admissible if for ψ = T (pθ) the following integral diverges:
By R θ,τ we will denote the class of time-dependent vector fields on D in which the seminorm (5.2) is a measurable and essentially bounded function of t ∈ [0, τ]. Proof. Estimating the integral (2.2) by Lemma 4.1, one has inequality
where the function β and the constant M are given by
It follows from (5.4) that L(t) ≡ 0 by Osgood's uniqueness theorem [H] . Proof. Putting λ = 1 − 3ε in (4.6) and taking the exact lower bound in ε one obtains the inequality
This is sufficient to deduce the existence of solution by Peano's theorem and uniqueness by Osgood's theorem.
Counterexamples
Now we will construct some counterexamples in order to show that it is impossible to diminish the regularity restrictions on the generalized solutions in Theorem 1, at least in the framework of the energy method. More general counterexamples can be constructed and we hope to include them in a more complete publication. Thus it seems that if one would like to strengthen the result of this theorem, one has to invent a new method.
Let us define the function f (x, t) for (x, t) ∈ B 1 × [0, τ] , where B 1 is the unit disc on R 2 and τ is positive number, by (6.1) f (x, t) = 1, for r a(t), 0, for r > a(t), r = |x|.
Let us try to find a nonnegative function a(t) such that a(t) → 0 when t → +0, and the equality 
